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Abstract

This paper establishes the global asymptotic equivalence between a Poisson
process with variable intensity and white noise with drift under sharp smoothness
conditions on the unknown function. This equivalence is also extended to density
estimation models. The asymptotic equivalence is established by constructing ex-
plicit equivalence mappings. The impact of such asymptotic equivalence results is
that an investigation in one of these nonparametric models automatically yields

asymptotically analogous results in the other model.
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1 Introduction

The purpose of this paper is to give an explicit construction of global asymptotic equiv-
alence in the sense of Le Cam (1964) between a Poisson process with variable intensity
and white noise with drift. The construction is extended to density estimation models.
It yields asymptotic solutions to both density estimation and Poisson process problems

based on asymptotic solutions to white noise with drift problems and vice-versa.

Density estimation model. A random vector V. of length n is observed such that
V= (V. VF

) is a sequence of i.i.d. variables with a common density f € F.

Poisson process. A random vector of random length {N, Xy} is observed such that
N = N, is a Poisson variable with EN = n and that given N = m, Xy = X,, =
(X1,...,Xm) is a sequence of ii.d. variables with a common density f € F. The

resulting observations are then distributed as a Poisson process with intensity function

nf.

White noise. A Gaussian process Z* = Z* = {Z*(t),0 < ¢t < 1} is observed such that

E/Ot

with a standard Brownian motion B*(¢) and an unknown probability density function
feFin0,1].

0<t<1, (1.1)

Asymptotic Equivalence. For any two experiments &; and & with a common param-
eter space O, A(&;, &; O) denotes Le Cam’s distance [cf. e.g. Le Cam (1986) or Le Cam
and Yang (1990)] defined as

A(61,62,0) = SUp Inax sup inf sup |EYL(0,59) — B L(0,50)),
=12 5@ %) geo

where (1) the first supremum is taken over all decision problems with loss function
|IL||loo < 1, (2) given the decision problem and j = 1,2, k =3 —j (k=2 for j =1
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and £ = 1 for j = 2) the “maximin” value of the maximum difference in risks over ©
is computed over all (randomized) statistical procedures 6% for &, and (3) the expec-
tations E(SZ) are evaluated in experiments & with parameter 0, ¢ = j, k. The statistical
interpretation of the Le Cam distance is as follows: If A(&1,£2;0) < €, then for any
decision problem with ||L|[, < 1 and any statistical procedure §) with the experiment
&, 7 = 1,2, there exists a (randomized) procedure 0" with &, k = 3 — j, such that the
risk of §*) evaluated in &, nearly matches (within €) that of §) evaluated in &;.

Two sequences of experiments {{;,, n > 1} and {&,, n > 1}, with a common

parameter space F, are asymptotically equivalent if
A(&1n,&on; F) — 0 as n — oc.

The interpretation is that the risks of corresponding procedures converge.

A key result of Le Cam (1964) is that this equivalence of experiments can be charac-
terized using random transformations between the probability spaces. A random trans-
formation, T'(X, U) which maps observations X into the space of observations Y (with
possible dependence on an independent, uninformative random component U) also maps
distributions in &; to approximations of the distributions in & via Pél)T R~ P§2). For
the mapping between the Poisson and Gaussian processes we shall restrict ourselves to
transformations 7' with deterministic inverses, T~'(T'(X,U)) = X. The experiments are
asymptotically equivalent if the total-variation distances between ng) and the distribu-
tion of 7" under Pél) converges to 0 uniformly in 6. As explained in Brown and Low
(1996) and Brown et al. (2002), knowing an appropriate 1" allows explicit construction
of estimation procedures in &; by applying statistical procedures from & to T'(X,U).

In general, asymptotic equivalence also implies a transformation from the ng) to the
Pél) and the corresponding total-variation distance bound. However, in the case of the
equivalence between the Poisson process and white noise with drift, by requiring that the
transformation be invertible, we have saved ourselves a step. The transformation in the

other direction is 77!, and
1 2 1) oo 2) o 1 2) e
1PV — P > |PPTT - PPT| = ||PyY — PET.
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Therefore, it is sufficient if supy ||P((,1)T — P((f) | — 0.

The equivalence mappings 7, constructed in this paper from the sample space of
the Poisson process to the sample space of the white noise are invertible randomized
mappings such that

sup Hy (T,(N,Xn), Z)) — 0 (1.2)
feFr

under certain conditions on the family F. Here H(Z;, Z5) denotes the Hellinger distance
of stochastic processes or random vectors Z; and Zs living in the same sample space, when
the true unknown density is f. Since T,, are invertible randomized mappings, T,,(N, Xy)
are sufficient statistics for the Poisson processes and their inverses T}, ! are necessarily
many-to-one deterministic mappings. Similar considerations apply for the mapping of
the density estimation problem to the white noise with drift problem although in that
case there are two mappings one from the density estimation to the white noise with drift
model and another from the white noise with drift model back to the density estimation
model. These mappings are given in Section 2.

There have recently been several papers on the global asymptotic equivalence of non-
parametric experiments. Brown and Low (1996) established global asymptotic equiva-
lence of the white-noise problem with unknown drift f to a nonparametric regression
problem with deterministic design and unknown regression f when f belongs to a Lip-
schitz class with smoothness index a > 1/2. It has also been demonstrated that such
nonparametric problems are typically asymptotically nonequivalent when the unknown
f belongs to larger classes, e.g. with smoothness index o < 1/2. Brown and Low (1996)
showed the asymptotic nonequivalence between the white-noise problem and nonpara-
metric regression with deterministic design for a < 1/2; Efromovich and Samarov (1996)
showed that the asymptotic equivalence may fail when o < 1/4. Brown and Zhang
(1998) showed the asymptotic nonequivalence for a < 1/2 between any pair of the fol-
lowing four experiments: white noise, density problem, nonparametric regression with
random design, and nonparametric regression with deterministic design. In Brown et

al. (2002) the asymptotic equivalence for nonparametric regression with random design
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was shown under Besov constraints which include Lipschitz classes with any smoothness
index o > % Grama and Nussbaum (1998) solved the fixed-design nonparametric regres-
sion problem for non-normal errors. Milstein and Nussbaum (1998) showed that some
diffusion problems can be approximated by discrete versions that are nonparametric au-
toregression models, and Golubev and Nussbaum (1998) established a discrete Gaussian
approximation to the problem of estimating the spectral density of a stationary process.

Most closely related to this paper is the work in Nussbaum (1996) where global
asymptotic equivalence of the white-noise problem to the nonparametric density problem
with unknown density g = f2/4 is shown. In this paper the global asymptotic equivalence
was established under the following smoothness assumption: f belongs to the Lipschitz

classes with smoothness index a > 1/2.

The parameter spaces. The class of functions F will be assumed throughout to be
densities with respect to Lebesgue measure on [0, 1] that are uniformly bounded away
from 0. The smoothness conditions on F can be described in terms of Haar basis functions
of the densities. Let

ek,gzekvg(f)z/qukvg, 0=0,...2"—1 k=01,... (1.3)

be the Haar coefficients of f, where

[Nk

¢W =2 (1Ik+1,2z - 1Ik+1,2l+1)’ (1-4)

are the Haar basis functions with I, = [£/2% (¢ + 1)/2%). The convergence of the
Hellinger distance in (1.2) is established via an inequality in Theorem 3 below in terms of
the tails of the Besov norms || f||1/2,2,2 and || f||1/2,4,4 of the Haar coefficients 6y ¢ = 0. ( f)
in (1.3).

The Besov norms || f||ap,, for the Haar coefficients, with smoothness index « and

shape parameters p and ¢, are defined by

o= || [ 1

k 1/p) 17 V4
q &) 2F—1
+ ) ¢ 2kledl/2=1/p) (Z |9k,£(f)|p> : (1.5)
=0

=0
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Let fr be the piecewise average of f at resolution level k, i.e. the piecewise constant

function defined by

2k_1

fo= R = 3 1{t € I )2" /1 f. (1.6)

Since || fo = frs1l? = | X0 Ore0nelP = X [Or,el? 262D (1.5) can be written as

[e%s) 1/q
1 llapa = {\fo]q + 3 (20 fi - fk+1||p)q} :
k=0

and its tail at resolution level kg > 0is || f — fiollapg> Ko > 0, with

k=ko (=1

o0 2k 1 AN
Hf - fkngz,p,q = Z 2k(a+1/2—1/p) (Z ‘ek,f‘p) :
Let B(a,p, q) be the Besov space

Bla,p,q) = {f : [fllapg < 00}

The following two theorems on the equivalence of white noise with drift, density esti-
mation and Poisson estimation models are corollaries of our main result, Theorem 3,
which bounds the squared Hellinger distance between particular invertible randomized
mappings of the Poisson process and white noise with drift models. The randomized

mappings are given in Section 2. Proofs of these theorems are given in the appendices.

Theorem 1 Let 7%, {N,Xn} and V}, be the Gaussian process, Poisson process and den-
sity estimation experiments respectively. Suppose that H is compact in both B(1/2,2,2)
and B(1/2,4,4) and that H C {f : infocp<1 f(z) > €} for some ¢g > 0. Then

and
lim A(Z}, ViiH) = 0 (18)



Our construction also shows that asymptotic equivalence holds for a class F if F is
bounded in the Lipschitz norm with smoothness index (3 and compact in the Sobolev
norm with smoothness index o > (3 such that « + 35 > 1, a > 3/4 or § > 1/2.

For 0 < @ <1 the Lipschitz norm || f||(ﬁL) and Sobolev norm || f]|*) are defined by

Ly _ |f(x) = F(y)] — N 2
17157 = sup L A = Y n*e(N)P

0<z<y<l1 |‘T - y|ﬁ n=—oo

where ¢,(f) = [) f(x)e ™2™ dx are the Fourier coefficients of f.

Theorem 2 Let Z* {N,Xx} and V}, be the Gaussian process, Poisson process and den-
sity estimation experiments respectively and let F be bounded in the Lipschitz norm with
smoothness index [ and compact in the Sobolev norm with smoothness index a > 3.
Suppose F C {f : infopeq f(x) > €9} for some eg > 0. Then if a+ > 1, a > 3/4 or
g>1/2

lim A(Z), {N,Xny};F)=0

n—oo
and

lim A(Z;, Vi F)=0.

n—oo

2 The Equivalence Mappings

This section describes in detail the mappings which provide the asymptotic equivalence
claimed in this paper. The fact that these mappings yield asymptotic equivalence is
a consequence of our major result, Theorem 3, which is presented in Section 3. The
construction is broken into several stages.

From observations of the white noise (1.1), define random vectors

=23 7k =2 * £ _'_ 1 * £
Wi ={W;,0<l< 2°}, Wiae = —Wig = (72,24 - 72,2@—1—1)/2' (2.2)



Let ko = ko, be suitable integers with lim,,_,, ko, = 0o. Following Brown et al. (2002),
we construct equivalence mappings by finding the counterparts of Z;O and Wj, k > ko,
with the Poisson process (N, Xy), to strongly approximate the Gaussian variables.

It can be easily verified from (1.1) that {Z} ,, 0 < £ < 2k Wy, 0 < € < 2871 &k > Ko}

are uncorrelated normal random variables with

EZM_hH—Q’“/ e h=\[f. \[Var(Zh,) = on = /25 (4n), (2.3)
for ¢ =0,...,2" -1, and for ¢ =0,...,2"1 —1

EW} oy = = (hrge — hrgepr) = V2F1 / hor_1,e, 4/ Var (Wk*,zz) = Ok_1- (2.4)

1
2

Let U = {Uys, k > ko, £ > 0} be a sequence of i.i.d. uniform variables in [—1/2,1/2)
independent of (N, Xy). For k =0,1,...and £ =0, ...,2"* — 1 define

Nk = {NW,O < ! < 2k}, Nhg = #{Xz : XZ - ]k’g}. (25)
We shall approximate Z,, in (2.1) in distribution by
= {ZM,O </< 2k} Zkg_ 20’kSgH(ng+Ukz) |Nk,z—|—ﬁk75‘, (26)

at the initial resolution level k = ky. Since N, are Poisson variables with

_ n e _ k/
k.l k.t 2k fk,f 40_137 fk,f Tes f7 ( )

by the Taylor expansion and the central limit theory

k0

as \gy — 00, compared with (2.3). Note that /frs ~ hi, under suitable smoothness
conditions on f, in view of (2.3) and (2.7). The Poisson variables Nj, can be fully

recovered from Zj ,, while the randomization turns Vi, into continuous variables.



Approximation of Wy, for k > kg is more delicate, since the central limit theorem is
not sufficiently accurate at high resolution levels. Let F},, be the cumulative distribution
function of the independent sum of a binomial variable X, /2 with parameter (m,1/2)
and a uniform variable U in [—1/2,1/2),

Fo(z) = P{Xpn1p +U <z}, (2.8)

with Fy being the uniform distribution in [—1/2,1/2). Let ® be the N(0, 1) cumulative
distribution. We shall approximate W7} by using a quantile transformation of randomized

versions of the Poisson random variables. More specifically let
Wi = (Wi, 0 <0< 28} Wioy = 041 @ N (Fryy, (Niae + Uror)) (2.9)

with Wyor = —Wiae1, £=0,...,2"1 — 1, and the o in (2.3). Given N;_;, = m,

D _ flk,QZ f _ fk,%
k20 = =
I f fraet+ froem’

Ny 20 ~ Bin (m, pg.2e) (2.10)

so that Wj o, is distributed exactly according to N(0,07_;) for pras = 1/2, compared
with (2.4). Thus, the distributions of W}, 5, and Wi, are close at high resolution levels
as long as f is sufficiently smooth, even for small Ny_;, =m.

The equivalence mappings 7},, with randomization through ﬁ, is defined by
T AN, Xy, U} = Wik oo) = Zn = {Za(t) : 0 <t < 1},

where for ko < k < 0o, Wik 1) = {Zk,, Wj, ko < j < k}, and Zj, and W, are as in (2.6)

and (2.9). The inverse of T,, is a deterministic many-to-one mapping defined by

Tt 72— W — (N, X%),

[k()voo)

where for kg < k < oo, Wi, = {Z; , W, kg < j < k}.

Remark: One need only carry out the above construction to k = ki : 2¥ > en since
we shall assume that f € B(1/2,2,2) and then the observations W ) = {Z,,, W ko <
j < k} and Wiy = {Zy,, Wj, ko < j < k} are asymptotically sufficient for the
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Gaussian process and Poisson process experiments. See Brown and Low (1996) for a

detailed argument in the context of nonparametric regression.

Mappings For The Density Estimation Model: The constructive asymptotic equiv-
alence between density estimation experiments and Gaussian experiments is established
by first randomizing the density estimation experiment to an approximation of the Pois-
son process and then applying the randomized mapping as given above. More specifically
divide the unit interval into subintervals of equal length with length of order, say, n=/%.
Let fn be the corresponding histogram estimate based on V. Now generate N a Poisson

random variable, with expectation n, independent of V7. If N > n generate N — n

conditionally independent observations V7, ,... Vg with common density fn. Finally

let (N,X5) = (N, Xy,...Xz) be a random reordering of V}*, Vi, ... Vi with each order
having equal probability. Write R} for this randomization from V* to (N, X )

R :Vr — (N, Xy).

A map from the Poisson number of independent observations back to the fixed number
of observations is obtained similarly. This time let fn be the histogram estimator based
on (N, Xy). If N < n generate n — N additional conditionally independent observations
with common density fn Now take a random reordering of these n observations with each
order having equal probability and label these observations V,, = (Vi,...,V,). Write R?

for this randomization from (N, Xy) to V,,
R?: (N,Xy) — V,.

Remark: It should also be possible to map the density estimation problem directly
into an approximation of the white noise with drift model. Dividing the interval into 2
subintervals and conditioning on the number of observations falling in each subinterval,
the conditional distribution within each subinterval is the same as for the Poisson process.
Therefore, it is only necessary to have a version of Theorem 4 for a 2*°-dimensional

multinomial experiment.
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Carter (2002) provides a transformation from a 2*-dimensional multinomial to a
multivariate normal as in Theorem 4 such that the total-variation distance between the
distributions is O(kg2¥n~'/2). The transformation is similar to ours in that it adds
uniform noise and then uses the square root as a variance-stabilizing transformation.
However, the covariance structure of the multinomial complicates the issue and necessi-
tates using a multi-resolution structure similar to the one applied here to the conditional
experiments. The Carter (2002) result can be used in place of Theorem 4 to get a slightly
weaker bound on the error in the approximation in Theorem 3 (because of the extra kg
factor) when the total number of observations is fixed. This is enough to establish Theo-
rem 2 if the inequalities bounding v and (3 are changed to strictly greater than. It is also
enough to establish Theorem 1 if H is a Besov space with a > 1/2. Carter (2000) also
showed that a somewhat more complicated transformation leads to a deficiency bound

on the normal approximation to the multinomials without the added kq factor.

3 Main Theorem

The theorems in Section 1 on the equivalence of white noise with drift experiments and
Poisson process experiments are consequences of the following theorem which uniformly

bounds the Hellinger distance between the randomized mappings described in Section 2.

Theorem 3 Suppose info_,.1 f(x) > € > 0. Let Wiion) = {ZkO,W ko < j < k} with
the variables in (2.1)and (2.2), and Wk, 1) = {ZkO,Wj,ko < j < k} with the variables
in (2.6) and (2.9). Then, there exist universal constants C, Dy and Dy such that for all
ki > ]{30,

H? ( [ko k1) W[kmkl))

C'4 261 D2 no X 2k _1
< — 2k 9 7 23k 94 :
T €N 60 kzlgo Z:: ket 3 Ako Z Z: k¢
C4k D1 D
= 5 n Hf fk0||1/222+ 3 4k0||f fk0||1/2447
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where Oy are the Haar coefficients of f as in (1.3), fx is as in (1.6), and || - ||l1j2pp are

the Besov norms in (1.5).

Remark. Here the universal constant C' is the same as the one in Theorem 4 in Section
4, while D; =3D/8 + 2 and Dy = D/9 + 8/3 for the D in Theorem 5 in Section 5.

The proof of Theorem 3 is based on the inequalities established in Sections 4 and 5 for
the normal approximation of Poisson and Binomial variables. Some additional technical
lemmas are given in the appendices.

Let )A(/m,p be a Bin(m,p) variable, X, be a Poisson variable with mean A, and U be a
uniform variable in [—1/2,1/2) independent of X, , and X,. Define

d

Ging(x) = —P {07 (Fn(Xnp +0)) < 2} (3.1)

with the F,,, in (2.8) and the N(0,1) distribution function ®, and define

a(z) = %P{%gn()?,\—i-ﬁ)ﬂ)?)\—l—m gx}. (3.2)

Write ¢, for the density of N(b, 1) variables.

Proof of Theorem 3: Let gj 1)(Wikox)) and g, r) (W) be the joint densities
of Wi 4y and Wy 1y, gi(wg) be the joint density of W, and g (wg|wi, ) be the
conditional joint density of W, given Wy, 1y. Since W7 is independent of Wik

\/gfko,k)g[ko,k) - \/gﬁco,kﬂ)g[ko,kﬂ) = \/gf;go,k)g[ko,k)(l — /9 9k);

so that the Hellinger distance can be written as

Hf(wrkg k1)s W[ko k1) )
= <1 - / \/g[ko k1)9lko,k1 )
= ( /\/g[ko ko+1)9[ko,ko+1) ) + Z 2/\/g[k0k Glko,k) (1—/\/9k9k)

ko<k<ki

= Hf(zkoazko)+ Z /\/g[kokg[kok (9% 9r) - (3.3)

ko<k<ki
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At the initial resolution level kg, Ny, ¢ are independent Poisson variables by (2.5), so
that Zy, ¢ are independent. This and the independence of 7;0’5 from (2.1) imply
2F0—1
H} (2, Z,) < ZZ; H} (7300 Zkos) -
By (2.6) and (3.2) Zy,.¢/0k, have densities Gxig e While 7;075/0160 are N (hy,e/0x,, 1) vari-
ables by (2.3). Thus, Theorem 4 in Section 4 can be used to obtain

H} (Z3 0 Zro) = HF (G 00 Phg /g ) < )\SZ + ; (2y/ Mo — hko,e/ako)z-

Since A\g¢ = fre/(402) by (2.7) and of = 2572 /n by (2.3), the above calculation yields

2ko —1 9ko 2k0 —1 m

Hj (ZZO’Z’“O) < ¢ Z N ko Z(:) %(\/m_hk‘)lf

%o 2F0-1_ oko 2
< Ay () 34

ne€o = 2€5

by Lemma 1 (i) in Appendix B and the bound f > €.
For k > ko and 0 < ¢ < 2F=1 — 1, define

HE20 = \/mk,2f(2pk,2£ - 1), 5k,2£ = \/)\k—1,z(2pk,2z - 1)7 (3-5)

where pgop are as in (2.10), Ay = fron/2" are as in (2.7), and the functions my, o =
Mp,20(Wikoky) are defined by Np_1 = my20(Wiko ). At a fixed resolution level k& > kg
and for £ = 0,...,21 — 1, N, 2¢ are independent binomial variables conditionally on
Wii,,k), so that by (2.9) and (3.1) Wy o¢/0)—1 are independent variables with densities
Gmy,20pi.2 Under the conditional density gi. In addition, Wy ,, are independent normal
variables with variance o7 _, under g;. Thus,

ok—1_71

H gkagk < Z gmkggpkgea(pﬁk%) (36)

by (2.4), where gy = EW(y/or1 = Vdn [h¢p_1,. It follows from Theorem 5 in
Section 5 and (3.5) that for fixed Wy, ry

2 ~
H (QMk,zz,pk,zz’ 9052,22)
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1 2 1 4 1 20— 6* 2
< D [pk,% — —} + My 20 [pk,% — —] + (b2t = O o) . (3.7)
2 2 2
Furthermore, it follows from Lemma 3 in Appendix B that
2
/\/grkmk)g[ko,k) (\/mk,% - \/)\k—u) < \// Iiko.k) (v Mk 20 — \/ Ak—1.0)*
— \/E(\/Nk—l,z - \/)\k—l,é)4 <2,
so that by (3.5)
/\/gfko,k)g[ko,k) (k20 = Bi 20)* < 4(2pk2e — 1)° 4 2(Brae — G a0)”
Similarly, f A /grko,k)g[kmk)mkv% S W/ENI?—I,Z S >\k_17g + 1/2 Thus, by (37)
/ \/ grko,k)g[ko,k)Hz (gmk,w,pk,zw 305;:,2@)
172 174 . 9
<4D, [pk,% - 5] + D1y [pk,zz - 5] + (Br2e — Brar)” (3.8)
with D7 = 3D/8 4+ 2. Now, by (2.10) and (1.3)
1 . ffk,zz f- flk,2Z+l S vV 2k_19k—1,£ (3 9)

Pk2e — 5 = = )
S 2]}1671’2 f 2fk-14

so that by (3.5), (2.7), the definition of 3 ,, in (3.6) and Lemma 1 (ii) in Appendix B

. Infi_1.e¢V26-10,_
’ﬁkﬂé - ﬁk,%’ = ‘ 5:_1’5 fk_lké Le _ vV 4n/h¢k_17g

0
— — [ horay

\/klZ

< vZé%lﬂlﬁﬂ;/ (f = foor)?. (3.10)

k—1,¢

Inserting (3.9) and (3.10) into (3.8) and summing over ¢ via (3.6), we find

/ Givo i) Il k) (55 1)
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2k11

2 ~
/ \/g[ko k) 9lko, wH (QMk,zz,pk,zw 905,:7%)

1 ok 2 4kpt nok 2
AD k-1, D) k-1, i </ f—fo 2) ’
Zﬁ s TP, T U T e
Bl | k—1 2
ZLogk-1p 1 / — f , 3.11
— ZO i 6% k— 15 _I_ ].6 _I_ 68 kalye (-f fk' 176) ( )

due to Mg = nfre/2" in (2.7) and 67, < [; ,(f = fre)*
Finally, inserting (3.4) and (3.11) into (3.3) and then using Lemma 2 yields

HF (W 1) Wik k1))

22k0 ki—2  2k—1 D ki— 22—1n2k 2
< +—Z2k29 ( )ZZ < f_fk,£)2>

”60 €0kk0 k=ko =0 Tee

C' 4ko D, k1—2 kz’f 1 Dy n & gkzk 1
§——+—Z2ZQM = 1R > 2 Zem

€ n Eokko €0 k—ko

with Dy = (D/16 4+ 3/2)/(1 — 1/4)?> = D/9 + 8/3 and the theorem follows.

4 Approximation of Poisson variables

Let X, y» be a Poisson random variable with mean A\ and U be a uniform variable on

[—1/2,1/2) independent of X,. Define
~ — . = ) d -
Zy=2sgn(Xn+ UWIXa+ Ul aaly) = d_yP{ZA <y} (4.1)

The main result of this section is a local limit theorem which bounds the squared Hellinger
distance between this transformed Poisson random variable and a normal random vari-

able.

Theorem 4 Let Zy and jy be as in (4.1). Let Zi ~ N(2v/\, 1) and @, be the density of
N(0,p). Let H(-,-) be the Hellinger distance. Then, as A\ — o0
- 1
2 *\ 2 (~
H* (23, Z5) = H* (3, pay5) = (7 + 0(1)) s (4.2)
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Consequently, there exists a universal constant C' < oo such that
H*(Gn, 00) < C/A+ (VA= )?/2, ¥V A>0,u (4.3)

Remark. The theorem remains valid if Zy, is replaced by Z L =24/ Xo+U+1 /2, since
H?(Zy, Z}) is bounded by

)\2j+1

2_2/\/f'*;g”ﬁ'JL15<’A+I7+1/2 = 2_{1+Ze_A j+1)}

= 1—E\X\/A<min(1,C"/)\).

Proof of Theorem 4: The second inequality of (4.3) follows immediately from
(4.2), since H*(¢u, ¢p) = (1 — p2)?/4, cf. Lemma 3 of Brown et al. (2002), and

H2(§)\7 90#) S 2.
Let t(x) = 2sgn(x)4/|z|, a strict increasing function. Define

X5 =171(23) = sen(Z3)(23)* /4. (4.4)

Let fy and f; denote the densities of X, +U and X* respectively. Since #(-) is invertible,
H%(Zy,Z;) = H(X\+ U, X;) =2—2[ /frf], so that it suffices to show

Since U is uniform, fy(z) =e X /5! on [j — 1/2,5 + 1/2), so that
0 j+1/2
A= 50) [ R@HGY (16)
j=0 J— /2

Since t'(z) = |z|~Y2, by (4.4) fi(x) = ||~ 2¢(t(z) — 2v/)). This gives

filz) _exp{—(2yT —2VA)*/2} _
() V2rze AN /5!

for j > 1, in view of the Stirling formula j! = v27j7*/2exp(—j + ¢;), where

o1 1
xp [2¢;(x)] jogse<jts

loge X j
-+ =1
+2+2

logg 7 ¢

i) = —(Vz — VA)? - 0g ﬂﬂLT—iJrg (4.7)
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with 1/(12j + 1) <¢; < 1/(125), for j =1,2,... Now, by the mean-value theorem,

J+12 | fi(x) 1/2 O 4 . () .

for some |z; — j| < 1/2, with

A 1 , N1
o =2 o1- L g L (1)

Since exp {@bj (J) + 5 (z)(x — j)2/2} is symmetric about j, it follows that

/// @)/ KDY de

= [, e [+ e =7 3 W”&; 2)

dx. (4.9)

Now, we shall take uniform Taylor expansions of ¢; and their derivatives in
Ho={i:li/A—1] <A}

By (4.7), ¥;(5) = M (j/A) + €;/2 with

Y(r) = —(Vr—1)2+ 1_TI + glog:c.

Since (1) = ¢'(1) = ¢"(1) = 0, ¥"(1) = 1/4 and $"™(1) = —7/8,

AG=A  TAG=N

MG/ =37 30a 8 4l

Since 1/(12j + 1) < ¢; < 1/(125), ¢;/2 = (1 + 0(1))/(24\) = o(1). Thus,

¥;(J) = (jzz,\é) - g(j2;$) (1+o(1)+ 1 ;40;1) = o)

(I+0(1)) =o(1).

uniformly in Jy as A — oo. Similarly, by (4.8) and |z; — j| < 1/2

(i)} = oo My = LD o)

17



These expansions and (4.9) imply that uniformly in Jy

[ @ 0P da

j—1/2
i+1/2 2 (7 )2
= [ 0) + )+ 6N - /2 de o))y U A
j=1/2 k=0
LGN TGN [ G 2 (j = A
e T +24)\+_l2)\+ Ihe ] 1)2:: N

as [7 +11//22(x — j)2dz = 1/12. Since f,(j) is the Poisson probability mass function of X,

> A0 / R@/ A dr

JEJIN
1 7 3 1 1 0(1) 7+ 0(1)
=14+ —— — =1-
+ 24\ { ] 24\ + 24\ 96\ * A 192\

. (4.10)

as Yies fa(j) = 1+ 0(1/)). Note that E(X, — \)? = A and E(X, — \)* = 3\% + \.
Hence, (4.5) follows from (4.6), (4.10) and the fact that

> A0 [ RGP e < VPR RIPER £ ) = o1/,

JEJIx

5 Approximation of Binomial Variables

The strong approximation of a normal by a binomial depends on the cumulative distri-
bution function F), in (2.8). The addition of the independent uniform U in (2.8) to the
binomial Ym,l /2 makes the cdf continuous and thus ®~'o F, is a one-to-one function on
(—1/2,m + 1/2) that maps symmetric binomials to standard normals.

Let ¢y, be the N(b, 1) density and gy, be the probability density of

O (Fr [Xonp+U]) . Xy ~ Bin(m, p), (5.1)
as in (3.1), where U is an independent uniform on [—1/2,1/2).

18



Theorem 5 There is a constant Cy > 0 such that for all m >0,

H*(Gim,ps 00) = / (\/gmi,p - \/@)2612 <Gy <b_7’li + b—8> ; (5.2)

m2
where b = (/m/2)log (p/(1 — p)). Consequently,

(Winl2p—1) = B

H2(§m,p7§06) < D [(p — 1/2)2 —|—m(p — 1/2)4} + 5

(5.3)

Proof of Theorem 5: The case when m = 0 is trivial because X = 0 with probability
one and therefore gy, is exactly a N'(0,1). Thus, the following assumes that m > 1.
It follows from (3.1) that

Imnp(2) =P (1= p)" 72" (2) (5.4)
where j = j(z) is the integer between 0 and m such that
O F,(j—1/2)] <2< O [E, (j+ 1/2)]. (5.5)
Let 0 =log(p/q) so that

gm,p(z>
log 20(2)

= 0(j — m/2) + mlog(4pq) /2,

and the second term can be approximated by

0 o 2+el +e7f 0> 6!
< = — — | <
1~ 91 < logldpg) = —log [ 1 <

Let hi(0) = (2 + e % + €7%) /4. The second inequality in (5.6) follows from log(h(6)) >

log(1+6%/4) > 6?/4—6*/32. The first inequality in (5.6) follows from h(6) < 1+6%/4+

6*/24 for |0| < 4, and from log(hy(0)) < |0| < 6%/4 for |0] > 4. Now, let

j(z) —m/2
Vm/2

Then for some —1/24 < hy(6) < 1/32 the log ratio is

and  b=0ym/2. (5.7)

2 =2(z) =

~ 2
log G (2) =2'b— r + hy(6)mo*.
©o(2) 2
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The log ratio of normals with different means is log (/) = —2b+ b*/2. Therefore the

ratio with respect to the normal with mean b is

log I8 _ o (@ym@t — b(z — ), |ha(0)] < —. (5.8)
b 24
Since ylog(x/y) < x —y < xlog(z/y) for all positive z and y,
1 . = 1 _
5\/gm7p 1og (¢b/Gmp) < V6o = \/Imp < 5\/@10g b/ Gm.p);
so that by (5.8)
H*(Gp,m, pv) < /{bg (@6/ )} (5 + Gimp)dz
mo* b2 , _
< () L Je Pt mi (5.9)

It follows from Carter and Pollard (2002) that the difference between z and 2’ = 2/(z)
is bounded by

| | < Cy (m_1/2 + m_1|z\3) , forall 2 (5.10)
z—z )
| Gy (m_1/2 + m‘1|z’|3) , ifz] < v2m
for some constant C5. Thus,
/16 6
/(z - Z’)2§m,pdz < 20,2 ( / |2'] Gm.pdz +/ 2gmpdz> (5.11)
2>2m M

Since [ Gmpl{z' = (j — m/2)/m}ydz = P{Xn, = j},

/|z’\6gm,pdz =F <W>6 =0(1+m*(p—1/2)% =01 +1%)

uniformly in (m, p). It follows from (5.4) that

/ G pdz < 2™ Spodz = O(2™mbe™™) = O(m™).
22>2m

22>2m

The above two inequalities and (5.11) imply
/ (2 — )2 pdz < 20520(1/m + 0 /m?)
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Similarly, [(z — 2')%¢pdz < 2C5*0O(1/m + b%/m?). Inserting these two inequalities into
(5.9) yields (5.2) in view of (5.7).

Now, let us prove (5.3). The Hellinger distance is bounded by 2, so that b®/m? in (5.2)
can be replaced by b* /m and it suffices to consider |[p—1/2| < 1/4 for the proof of (5.3). By
inspecting the infinite series expansion of log(p/q) = log(1+x)—log(1—z) for . = 2p—1,
we find that for [p—1/2| < 1/4, [log(p/q)| < (8/3)12p — 1| and |log(p/q) —4(p —1/2)| <
(8/9)|2p — 1], These inequalities respectively imply

¥t 16 256
— 4+ —=< —(2p -1+ =—m(2p-1)*
m+m2_9(p )+81m(p )
and [b— /m(2p —1)|* < (16/81)m|2p — 1]° < (4/81)m|2p — 1|*, in view of the definition

of b, which then imply (5.3) via (5.2) and the fact that H?(¢, — 3) = (b — 3)?/4.

Appendix.

A. The Tusnady inequality. The coupling of symmetric binomials and normals maps
the integers j onto intervals [3;, (;4+1] such that the normal(m/2,m/4) probability in the
interval is equal to the binomial probability at (?)Q_j . Taking the standardized values,

2(6; — m/?) o 2=12-m)2)
Vi : v

Carter and Pollard (2002) showed that for m/2 < j < m and certain universal finite

Zj:

constants Cy

2

. . . log(1 — 12 .
cuitl o, —ua‘dlwﬂV( 7 ) oo/ o uyt logm
m m '\ /m

2cu; m
where ¢ = {/2log2 and + is an increasing function with v(0) = 1/12 and (1) = log2 —
1/2.
This immediately implies that

3 S,
IN
N | —

Co
|z; —uy] < o (|uj\3 —|—logm) , VY
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for certain universal constant Cy < oo. We shall prove (5.10) here based on (A.1).
Because of the symmetry in both distributions, it is only necessary to consider z > 0.
It follows from (5.5) and (5.7) that

2 <z<zipn & u; <z =2(2) <uji.

Let z; < z < zj41. Since ujy — u; = 2/y/m, for uf,; < m/2 (A.1) implies

2 1 |23 A |23
|2 — 2| < |25 — UJ‘V|ZJ+1_“J+1‘+\/7 < G (\/m‘i‘ m : (A.2)
Since u; and z; are both increasing in j, it follows that (zA2’)/1/m are uniformly bounded
away from zero for u;4; > y/m/2, so that
2 [21* A 2P
|2 = 2| <z — | V |z — wi| + NG < CS'T
for (m +1)/v/m = tums1 > ujp1 > m/2 and z < v/2m. Since zV 2/ < 2V Upq < V22
for z > v/2m, (A.2) and (A.3) imply

(A.3)

| | < Csy (m_1/2 + m_1|z|3) , for all z
z—z
| Gy (m_1/2 + m‘1|z’|3) ,ifz] < v2m

for certain universal Cy < oo, i.e. (5.10).
B. Technical lemmas. The following three lemmas simplify the rest of the proof of
Theorem 3.

Lemma 1 (i) Let f, and hyy be as in (2.7) and (2.3). Then,
fre = e <2750 (= e (A1)
T,

(11) Let Ok be the Haar coefficients of f as in (1.3). Then,

o

< 2kt g 3/2/1 Z (f — fre)®. (A.5)
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Proof of Lemma 1: Let T'= (f — fi()/fre > —1. By algebra

T T T2
VI4T 1= ————=— — :
1+V14+T 2 2(14++1+T)?

It follows from (2.3) and (2.7) that

_ ok ok f_fk,g (f_fk,f)2
g = 2 \/f?,é/lw\/l—l—T—Q \/f71/1k1<1+ e T TFT)?)’

which implies (A.4) as 2¥ [; =1 and by (2.7) 1., (f = fwe) = 0. For (ii) we have

/h¢k,z = \/f?,z/%,z\/l-i-T
_ J=Tee (f = fre)?
- \/ﬂ/ On.c <1 * 2fke 2f,3,z(1 + \/1—|——T)2> ’

which implies (A.5) as [ ¢p, = 0 and |¢p| < V28 by (1.4).

Lemma 2 Let 0y, be the Haar coefficients in (1.3) and fi¢ be as in (2.7). Then,

[e’s) ok 1 2 2 cko ok_1
Z2k2</ (f—fk,z)2> < 0222“” ZHH, Ve> 0.
k=ko  ¢=0 \’Ikz (1—1/29 2 ko

Proof of Lemma 2: Define
1, if I Q Ik Vi
5i,j,k,€ =
0, otherwise

Since >; 8; j ke = 2% for i > k, using Cauchy Schwartz twice yields

(-i7) = (S5 nmm)

i=k j

oi_1 1/272
< |:Z2 ic/2 <2zc2z k Z 52]kfezj) ]
i=k 7=0
00 oo 201
< SreT et b0,
=k i=k j=0
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2 k(14c) oo 201

= 1/20222 (o Z 0i gty 5-

Since Z?igl i jke = 1 for i > k, the above inequality implies

00 kzk—l ) 2 k2 k(1+c) " 2t—12kF—1
3 (/ (f—f,)) < Y2 SEDID SN
00 i 2—ck ‘(1+)2i—1 A
- gi(l+e 0}
ZZ]C() k‘zk‘o 1 - 1/2C E !
92— cko (1t0) 2t—1
< -1/ szoz Z 0}

Lemma 3 Let X, be a Poisson random variable with mean \. Then,

E(/X, - VA <.

Proof of Lemma 3: Since E(X, — A\)* = A(3\ + 1),

= 4 B(X,— A\ - 3\ + 1
E(\/X—ﬂ) <A T L NP(X,=0) < +1<4.

C. Proof of Theorem 1. First note that

H(T,R:V?%,Z%) < H(T,R:V, T,(N, Xy)) + H(T,(N,Xy), Z%)

and
H(V, RV < H(VE RY(N,Xy)) + H(RL(N, Xy), R2T, ' Z7)).

Note also that since for any randomization 7" and random X and Y, H(TX,TY) <

H(X,Y), it follows that
H(T,R,V}, T,(N,Xy)) < H(R,V};, (N, Xy))
and

H(R; (N, Xy), BT Zy) < H(N, Xw), T, 'Zy) = H(T,(N. Xw), Z3,).
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For the class H it follows from Low, Nussbaum, Van de Geer and Zhou, H. (2003) that
sup H (R, V,, (N, Xy)) — 0
feHr

and

sup H(V*, R2(N,Xy)) — 0.
feHr

Hence (1.8) and (1.7) will follows once

sup H(T,(N,Xy),Z:) — 0 (A.6)
feH

is established.
By Theorem 3 for (A.6) to hold it is sufficient to show that

)=
1/2,4,4

If the class of functions H is a compact set in the Besov spaces, then the partial sums

f - fko

1/2,2,2 4ko

sup (224 |7

feH

converge uniformly to 0,

SUPHf ka

Fen 1/2,p,
for p = 2 or 4 as k — oo. This implies that there is a sequence 7, — 0 such that

Y supfeH Hf ka1/244 — 0. To be specific, let

%—supr ka1/244

It is necessary to choose the sequence of integers ko(n) that will be the critical dimen-

sion that divides the two techniques. Let kg be the smallest integer such that 4% /n > .

1/244)

+— Hf Tro 1/244) —0

Therefore, ko(n) — oo, and as n — oo,

sup<4—+Hf fol /= Fio

feH

< sup (4%0 + £ - Fuo

1/2,2,2 4ko

1/2,2,2
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D. Proof of Theorem 2. Theorem 2 follows from Theorem 1 and the fact that the
Lipschitz and Sobolev spaces described are compact in the Besov spaces.
The Lipschitz class is equivalent to Bg o and therefore is compact in Byja,, if

[ > 1/2. The Sobolev class is equivalent to B, 22 and
1f = Frollz 22 < Ca D lea(f) P

where C,, depends only on a. Thus if F is compact in Sobolev(«) for a > 1/2 then it is
compact in By 29

Further restrictions are required to show that the Sobolev(a) class is compact in
Bijsas I|FS < Cuy, then || fy — frpilloo < Ciry27%, s0 that

1f = frollijpas < Chry D ka(l_ﬁ)/\fk — frr1[Pdz

k=ko
= C(zL)Hf - fko’|?1—ﬁ),2,2 :

Therefore, for F bounded in Lipschitz(/3), a compact Sobolev(«) set is also compact in
Bijpaaifa>1—0.

Finally, if F is compact in Sobolev(«), a > 3/4, then it immediately follows from the
Sobolev Embedding Theorem that the function is bounded in Lipschitz(1/4) (e.g. Fol-
land (1984) pages 270, 273), and it follows that F is compact in B 4.4
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