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SUMMARY

This paper develops a methodology for parameter and state variable inference using both asset
and derivative price information. We combine theoretical pricing models and asset dynamics to
generate a joint posterior for parameters and state variables and provide an MCMC simulation
strategy for inference. There are several advantages of our inferential approach. First, more
precise parameter estimates are obtained when both asset and derivative price information are
used. Secondly, we provide a diagnostic tool for model misspecification based on agreement of
the state and parameter estimates with and without derivative price information. Furthermore,
the time series properties of the state variables can also be used to evaluate model fit. We illus-
trate our methodology using daily equity index options on the Standard and Poor’s (S&P 500)
index from 1998-2002.
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1. INTRODUCTION

Bayesian inference using both asset and derivative price information presents a number
of challenges. While many authors have considered the problem of parameter inference
in asset pricing models, few have considered the problem of also incorporating derivative
price information. The advantages of using additional derivative price information
is twofold. First, more precise parameter and state variable estimates are obtained.
Second, these estimates can be used to provide model misspecification diagnostics.
Financial asset pricing theory determines derivative prices as a conditional expec-
tation of a discounted payoff given the current state variables and parameter values.
The expectation is taken with respect to a risk-neutral pricing kernel which is derived
from the underlying asset price dynamics by a transformation of the underlying pa-
rameters. For closed form derivative pricing under a wide range of models we refer the
reader to Duffie, Pan and Singleton (2000). See Johannes and Polson (2002) for further
discussion. The joint inference problem, then, is to combine this information with the
usual asset pricing model for the dynamics of the underlying asset and state variables.
Our empirical work focuses on the commonly used leverage stochastic volatility
model for equity index options. This model uses a number of features for explaining
asset and derivative prices: an unobserved mean reverting stochastic volatility state
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variable and a vector of parameters including a correlation between the underlying asset
returns and volatility. Closed form derivative pricing is available and this includes an
extra parameter governing the market price of volatility risk.

Figure 1 provides motivation for the additional market price of volatility risk pa-
rameter by comparing implied volatilities with historical filtered volatilities (see Polson,
Stroud and Miiller, 2002) using daily S&P 500 equity index return data for 1990-2001.
The implied volatilities are consistently higher than the filtered ones due to a number
of reasons. The main factor is that option pricing accounts for the market price of
volatility risk. Option pricing is determined as a conditional expectation under the
risk neutral measure and the market price of volatility risk effectively raises the level
of volatility under which pricing occurs. This is discussed further in Section 2.2.
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Figure 1 Implied and historical volatilities for the SEP 500 Indez.

Related literature on combining derivative and asset price information is contained
in Chernov and Ghysels (2000) and Johannes and Polson (2002). For option pricing
applications, see Nandi and Heston (2000) and Eraker (2002) for S&P 500 options data,
Florentina, Leon and Rubin (2002) for the IBEX 35 Spanish index, Lin, Strong and
Xu (2002) for the FTSE 100. Forbes, Martin and Wright (2002) provides a simulation
study and Lewis (2000) a current review of option pricing methods under stochastic
volatility.

The main reason for combining information is to provide more precise parameter
estimates. In addition, it provides a diagnostic tool for model misspecification. This
is due to the fact that, theoretically, the estimated parameters implicit in derivatives
prices should be consistent with those using asset price data alone. This insight also
yields a model misspecification diagnostic by examining the consistency of the time
series properties of the estimated state variables.

The rest of the paper is outlined as follows. Section 2 defines the basic problem and
provides the necessary likelihood functions for combining derivative and asset price
information. We explicitly study the leverage stochastic volatility model and show
how to perform inference using MCMC methods. Section 3 provides an application to
S&P 500 equity index options. Finally, Section 4 concludes.
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2. BAYESIAN INFERENCE FOR DERIVATIVE PRICING

This section describes the general problem in three stages. First, we describe the
inference problem when both asset and derivative prices are observed. Second, we
provide an example of inference for equity index options using a leverage stochastic
volatility model. Finally, we describe how to implement an MCMC simulation strategy
to provide inference for unobserved state variables and parameters given both asset and
derivative prices.

2.1. The Problem

To describe the basic problem, consider observations on both asset and derivative prices.
Let Y5 denote the asset price returns and let Y denote the panel of derivative prices.
The dynamics of the asset prices Y5 are determined via a likelihood p(Y® | X, ©) where
X denotes a state variable and © a parameter vector. We assume that these evolve
according to a model for the asset price dynamics which we denote by the joint distri-
bution p(X,0) = p(X | O)p(O).

Inference using only the asset price information Y then leads to a posterior dis-
tribution for state and parameters given by

p(X,@ ‘ YS) (&8 p(YS ‘ X, @) p(X, @)

The corresponding marginal distributions p(© |Y®) and p(X |Y®) provide the usual
inferential summaries.

The problem of incorporating the additional derivative price information can be
described as follows. First, from a theoretical asset pricing model, the derivative price
is determined as a function of the state variable X;, parameter © and current asset price
Yts . We denote this function by F (Y;S , Xt,0,A), where A denotes additional market
price of risk parameters. These parameters are used in derivative pricing, but do not
affect the asset price or state dynamics. We assume that the observed derivative price
YtD is equal to the theoretical value plus a pricing error:

YP = F(Y®, X;,0,A) + €P

This leads to a likelihood for the observed derivative prices denoted by p(YD | YS. 0, A).

In order to calculate F (Y}S , Xt,0,A) we need the risk-neutral dynamics of the
Y'S process. This is determined by transforming the original state dynamics with the
market price of risk parameters. See Duffie et al. (2000) and Johannes and Polson (2002)
for a number of examples involving equity and interest rate models. More specifically,
F (Y, X;,0,A) is given by conditional expectation under E9(-|X;, ©, A), namely

T
F(Y?,X;,0,A) = E° (e_ft rsds g (Sr) |Xt,@,A)

where g(S7) denotes the payout function for the underlying derivative.

The joint inference problem is then the computation of the joint posterior distri-
bution of state variables and parameters. The parameters include those driving the
state evolution © and those that are used to determine the risk neutral pricing mea-
sure A. Our data Y = (Y, YS ) represents a panel of derivative prices in Y and the
underlying series Y° and the joint posterior of interest is given by

p(X,@,A | Y) (S8 p(Y|X,@,A) p(X, 6) p(A)
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where p(Y | X, ©, A) denotes the likelihood function, p(X, ©) is as described above, and
p(A) denotes a prior on the market price of risk parameters.
The likelihood can be further decomposed as

p(Y|X,0,A) = p(YP|Y%,X,0,A) p(Y®| X,0)

where p(YS | X,0) describes the evolution of the underlying asset price. We now de-
scribe an application to equity index options using a leverage stochastic volatility model.

2.2. Stochastic Volatility Option Pricing

A common approach to equity option pricing is to use a leverage stochastic volatility
model due to Heston (1993). Suppose that the underlying equity price S; evolves
according to a stochastic volatility model with square-root dynamics for variance V;,
and correlated errors. The logarithmic asset price Yts = log S; then satisfies

dYF = u(Vy)dt + /VedWy

AV = k(0 — Vi)dt + oy \/VidWY

for some drift (V). Here (W$, W}) are a pair of Brownian motions with correlation p.
This correlation, or so-called leverage effect (Black, 1976), is important to explain the
empirical fact that volatility increases faster as equity prices drop. ' The parameters
(k,0) govern the speed of mean reversion and the long-run mean of volatility and o,
measures the volatility of volatility.

Equity option prices Y;D are determined as a function of F (Yts , V4,0, A). Consider
a derivative written on the underlying equity with a payoff g(S7) at some future time
T. Let ry denote the instantaneous short rate. Using standard arbitrage arguments
(Duffie, 2000 and Duffie et al. 2000), the price of a call option is given by the conditional
expectation

F(Y?,V;,0,A) = E9 (e7(Sp — K)4+ |V, ©,A)

where the option payout function is (St — K), at time T and exercise price K; E¢
is taken with respect to the risk-neutral dynamics; and h(z);+ = max{h(z),0}. The
instantaneous short rate r is assumed constant over the time interval 7 = T —¢. The
risk-neutral dynamics are given by the evolution

dSt = T‘tStdt-i- \/Vtstths

dV; = k*(0* = Vi)dt + o/ VidW}

where
K

¥ = A d 0F = 0
K K+ Ay an PR
Here A, is the market price of volatility risk. Heston (1993) motivates this choice
of a market price of volatility risk which is proportional to Vi, namely A(V;, t) = A, V;.
Typically the market price of risk parameter A, is negative which leads to option pricing
being implemented with 0 transformed higher to (k/k + \y) 6.

! 'While this model has been shown to provide very feasible dynamics for asset prices and for patterns
in option prices (Heston, 1993) there is still further empirical evidence for jumps in returns (Bates, 1996,
2000; Bakshi, Cao and Chen, 1997; and Eraker, 2002) as well as volatility (see Eraker, Johannes and
Polson, 2002).
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One of the advantages of this flexible model is that analogous to Black Scholes
there is a closed form pricing equation. Specifically, there exists a pair of probabilities
P;(V4,0,A),5 = 1,2, such that the call price F(Y?,V;,0,A) is given by:

F(Y7,V;,0,4) = SP1(V;,0,A) — Ke ""Py(V;,0, A)
Specifically, P;(V;,©,A) = Pr;(In(St/K) > 0|V;,0,A), where these probabilities 2
can be determined by inverting a characteristic function
e W) £5(V, 0,4)
i

1 1 [~
Pi(V;,0,4) = o+~ | R dé

where
[i(Vi,©,A) = (i) +D(T:0)ViidIn(Sy)

and the coefficients C(7; ¢) and D(7; ¢) are defined in Heston (1993). The correlation
and volatility of volatility parameters affect the skewness and kurtosis of the underly-
ing return distribution and Heston (1993) describes how the correlation p affects the
probabilities P;(V;,©,A). For example, as is typically the case, when the correlation
is negative then the underlying risk neutral distribution has a skewed left tail which in
turn decreases the price of out-of-the-money call options while increasing the out-of-
the-money put options.

2.3. MCMC Implementation

This section describes how to sample from the joint distribution of state variables and
parameters using MCMC methods. First we describe how to calculate the necessary
likelihood functions with and without the use of derivatives prices. Then we illustrate
how to use MCMC methods on the stochastic volatility Heston model described in
Section 2.2. First, we use an Euler time discretisation of the continuous time model
and write the observed daily log returns, Y;* = log(S¢;1/St), as evolving according to

5= p+ Vit
Vis1 = Vi = k(0 = Vi) + 0y v/ Viey.

For simplicity we assume that the drift y is constant and that the unobserved state
variables consists of a vector of volatilities V' = (Vp,...,Vy) and the parameters are
given by © = (k, 0,0y, p).

Incorporating the derivative price information leads to an observation equation
consisting of a panel of N prices for T' time periods of the form Y£ = FZ-(YtS Vi, ©,A) +
O'DGZ% fore=1,...,Nand t =1,...,T. This gives an extra likelihood term

t=1

N T
1
D S —NT
p(YP Y5, V,0,A) x op exp(—%;l:E:( _ F(YS, Vi, 0, A)))

Combining this information with the asset dynamics gives a joint posterior distribution

p(X,0,A|Y) x p(YP| Y3 X,0,A)p(Y| X,0) p(X,0) p(A)

2 The probabilities P; are determined under the respective measures dY;% = [r £ $V]dt + /V,dW3
and dV; = (a; — bjv;)dt + 0,/V;dW} where a; and b; are defined in Heston, 1993.
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Inference is then determined by sampling from the joint posterior distribution of the
parameters and volatility states. For example, in the leverage SV model, we sample in
a block algorithm defined by the set of conditionals

Volatility states: Vi | Vet, 0%, 1ty Ay, Ky 0, p, 04, Y)
Stock price drift: p|V,0%, Ay, 6,0, p,04,Y)

(
(
Pricing variance: (J% |V, i, Ay, K, 0, p,04,Y)
(
(
(

S

Market price of risk:  p(A, |V, s, U%, Ky 0,p,0,Y)
Volatility parameters:  p(k,0 |V, 1, 0%, Ay, p, 5, Y)
Correlation and volatility of volatility:  p(p, oy |V, g, 035, Ay, K, 0, Y)

In constract to the problem of inference with only asset prices, many of these con-
ditionals are unavailable in closed form when option prices are included due to the
nonlinear pricing function F(Y;%,V;,0,A) in the derivative likelihood. We therefore
use a Metroplis-Hastings algorithm to sample the parameters that are affected by this,
namely (Ay, K, 6, p, 0y), and the volatilities V;. To update the parameters, we used the
block scheme indicated above with a normal proposal distribution centered at the cur-
rent value with an estimated posterior covariance determined from a short pilot sample
and a scale factor chosen to give acceptance probabilities around 30-50%. For the
volatilities we used a univariate truncated normal centered at the current value with a
variance chosen to yield acceptance rates of around 50%. Finally, the full conditional
distributions for px and a% are known in closed form, being normal and inverse-gamma
distributions respectively. We found that the algorithm converges fairly rapidly when
the pricing error variance is fixed. However, we also found that convergence is much
slower when O'2D is unknown. In this case, we used a large Monte Carlo sample size of
M = 100,000 and we found that this provides reasonable convergence diagnostics.

For our prior specification p(©, A) we use diffuse priors 2 where appropriate and
normal priors for the transformed parameters (u, x,x60). Inference is performed using
the marginal posterior distribution p(©|Y). We use posterior means and standard
deviations throughout as summaries.

3. APPLICATION: S&P 500 EQUITY OPTIONS

To illustrate our methodology we use daily data from the S&P 500 equity index re-
turns and option prices from 1998-2002. The option prices are specified in the form
of implied volatilities for different levels of the option A, specifically .25, .50, and .75,
corresponding to out-of-the-money, at-the-money, and in-the-money options, respec-
tively. For the purpose of illustration, we focus on short-term options with 1 month to
expiration, giving a panel of N = 3 options at each time period.

For our option pricing model we use the leverage stochastic volatility model de-
scribed above. The goal of our analysis is to provide more precise parameter estimates
and to show how model diagnostics can be provided based on agreement of the poste-
riors with and without derivative prices.

Table 1 provides posterior estimates and standard deviations (in parentheses) for
the mean annualized volatility E (\/17 +), the speed of mean reversion &, the volatility of

3 Specifically, in our application we use the following prior distributions: p ~ N(0,.0012) for the drift
parameter; k6 ~ N(.000004,.000022) and k ~ N(.02,.022) for the long run volatility mean and speed of
mean reversion; p ~ Un(—1,1) for the leverage effect; 0,2 ~ Ga(2,.0001) for the volatility of volatility;
Ay ~ N(0,.032) for the market price of risk parameter; and V5 ~ N(.0002,.000022) for the initial volatility.
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volatility o,, the leverage effect p, the drift 4, and the market price of risk parameter
Ay We consider two scenarios for the pricing errors: first op = 5%, representing a
typical bid-ask spread; and secondly, we leave op unknown. The posterior mean for
the pricing error was 3%. Our results show that there are little differences between
these two cases.

Table 1 Posterior Estimates of Model Parameters With and Without Derivative Information.

Parameter Y*$ ys yP ys yP

op = .05 op unknown

E(VV}) 21.60 21.90 21.82
(1.46)  (1.15) (0.86)

K 0.045 0.046 0.055
(0.012)  (0.005) (0.005)

o 0.047 0.048 0.055
(0.004)  (0.002) (0.001)

p -0.70 -0.78 -0.74
(0.08)  (0.02) (0.01)

" 0014  0.0011 0.0010
(.0004)  (.0004) (0.0004)

Ao - -0.010 -0.017
- (0.005) (0.005)

We computed inference with and without derivative prices. As theory would sug-
gest, our parameter estimates are very similar in both cases. However, the use of the
derivative data provides more precise parameter estimates in some cases by a factor of
eight. For example, the leverage effect is notoriously hard to estimate with asset price
data alone (see Jacquier, Polson and Rossi, 2002). We find that, with equity price data
alone, the posterior mean is E(p|Y®) = —0.70 and the posterior standard deviation is
SD(p|Y?®) = .08. With the additional derivative pricing information, we find that the
estimates become E(p|Y®,YP) = —.74 and SD(p|Y®,YP) = .01. 4

Figure 2 shows the posterior histograms for the four parameters (k, 0,0y, p) with
and without derivative price information. For the derivative pricing case we assumed
a 5% pricing error. Notice that, as theory would suggest, the posterior means are in
close agreement for the two cases, suggesting no model misspecification. As described
above, the most significant reduction for the posterior SDs is for the leverage effect p.

Second, we provide estimates of the underlying state variables V;. Comparing the
state variables with and without derivative prices provides a useful model diagnostic. If
the theoretical model is a true representation of the derivative prices and asset dynamics
then these estimates should agree. Differences in sub-periods can be suggestive of
periods of market stress or liquidity and credit risk events.

% These estimates are also consistent with Nandi’s (1998) estimates for the S&P 500 of —0.79. There
are a number of other estimates for different datasets and financial series; for example, Bakshi et al. (1997)
finds an estimate of -0.64 and Eraker (2002) finds a lower estimate of -0.54 due to the inclusion of jumps.
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Figure 2 Posterior histograms of ©, leverage model, op = .05. Without option data (light);
with option data (dark).

To illustrate this, Figure 3 compares the estimated state variables VS and VP with
and without the additional derivative price information. Notice that although there
is close agreement for most of the period, there are a number of discrepancies. For
example, the period from Aug 26—Oct 20, 1998 shows clear differences in the estimated
state volatilities. Although this could be due to estimation error, this suggests the need
for other state variables such as jumps to explain the external market factors occurring
in this period, such as the Russian GKO bond and LTCM crisis.

Figure 3 Posterior histograms of market price of risk parameters, leverage model, unknown op.
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Figure 4 shows the posterior distributions for the market price of volatility risk,
p(Ay | Y). It also shows the transformed parameter /(k + A,), which corresponds to
the factor multiplies that multiplies the long-run mean parameter # in going from the
asset price dynamics to the risk-neutral pricing measure. Not surprisingly, there is
strong evidence that A, is less than zero, and the posterior mean of x/(x + A,) is equal
to 1.65, explaining the empirical fact that the mean level of the implied volatilities is
higher than that of the estimated volatilities.

Smoothed Voldtility, YS
40 | —— Smoothed Volatility, YS& YD

Volatility (%)

Jul-98 Jan-99 Jul-99 Jan-00 Jul-00 Jan-01 Jul-01 Jan-02
Figure 4 Annualized estimated volatilities, V;S and I7tD , for the leverage model with op = .05.

To provide an illustration of model misspecification we consider a stochastic volatil-
ity model without a leverage effect, i.e., p = 0. Figure 5 illustrates the parameter
posterior distributions p(© | p = 0,Y ) and p(©|p = 0,Y5,YP) under the no leverage
model with and without the extra derivative price information. If the model is cor-
rectly specified the estimates should be identical, the only difference being the tighter
standard errors when the derivative prices are added. Notice the dramatic differences
in parameter estimates. This clearly indicates that the model without a leverage effect
is misspecified.
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Figure 5 Posterior histograms of ©, no leverage model, op = .05. Without option data (light);
with option data (dark).
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4. DISCUSSION

This paper develops techniques for Bayesian inference that combines information from
derivative and asset price data. Combining such information is increasingly common
in practice as it provides more precise parameter estimates. It has the additional
feature of drawing inference about market price of risk parameters which are useful in
derivative pricing. Furthermore, the estimated parameters and state variables can be
used to provide model misspecification diagnostics. These can be identified by finding
discrepancies in the estimated parameters with and without the additional derivative
price information, and also by comparing the time series properties of the estimated
state variables.

There are a number of interesting directions for further study. First these methods
can clearly be extended to multi-factor models and can be applied in a number of
different situations such as term-structure and exchange rates modelling. Secondly,
extending this approach to incorporate sequential state and parameter learning is an
important direction. One difficulty that arises in practice is that the theoretical asset
pricing framework needs to be extended to allow for sequential parameter learning and
estimation risk. Recent work in nonlinear filtering methods such as Johannes, Polson
and Stroud (2002) and Polson et al. (2002) are applicable for sequential state and
parameter learning.
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