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Summary. We propose a simulation-based approach to decision theoretic Bayesian optimal design.
The underlying probability model is a population pharmacokinetic model which allows for correlated re-
sponses (drug concentrations) and patient-to-patient heterogeneity. We consider the problem of choos-
ing sampling times for the anticancer agent paclitaxel, using criteria related to total area under the curve,
time above a critical threshold and sampling cost.
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1. Introduction

Most anticancer drugs in use today are cytotoxic (kill cells) and have a narrow therapeutic index,
meaning there is a narrow range, at best, between an efficacious dose and a dose too toxic for
clinical use. Additionally, people respond to different pharmaceutic agents differently. Among cancer
patients, some experience tumor response to chemotherapy while others do not; some experience
more toxicity than others. Understanding the reasons behind this heterogeneity should contribute
to safer and more effective chemotherapy for each patient. Thus, it is important to understand the
pharmacology of cancer chemotherapeutic agents and relationships with outcome. Achieving this
goal requires clinical studies involving large numbers of cancer patients.

Population pharmacokinetic (PK) and pharmacodynamic (PD) studies seek to identify within
a large sample of patients those characteristics that significantly alter a drug’s disposition and a
patient’s response to the drug. Population PK studies often presuppose some sort of model that
relates drug concentration to time and then evaluate relationships between patient characteristics
and the parameters in the model. PD studies of treated patients examine relationships of clinical
outcomes, such as toxicity or tumor response, to characteristics of the drug’s pharmacokinetic profile

tAddress for correspondence: Jonathan R. Stroud, Department of Statistics, University of Chicago, 5734
University Avenue, Chicago, IL 60637, U.S.A. E-mail: stroud@galton.uchicago.edu



2 J. R. Stroud, P. Miller, and G. L. Rosner

in each patient. In this paper, we consider optimal design in the context of such studies. Specifically,
we discuss the choice of optimal sampling times in a population PK study of paclitaxel conducted
by the Cancer and Leukemia Group B (CALGB).

Paclitaxel (Tax01®, Bristol-Myers Squibb) is a widely used chemotherapeutic agent. The phar-
macokinetics of paclitaxel are complex and highly nonlinear (Kearns et al., 1995). The three-
compartment model proposed by Kearns et al. (1995) to describe paclitaxel’s pharmacokinetics
includes two nonlinear pathways. The model yields no closed-form solution to the corresponding
system of differential equations that describes the relationship between time and the concentration
of the drug in the patient’s blood (Gibaldi and Perrier, 1982).

The CALGB sought to investigate the role of paclitaxel for treating advanced breast cancer.
The trial would enroll a large number of women, creating the opportunity to study paclitaxel’s
complex clinical pharmacology in a large group of women. Earlier studies showed an association
between toxicity or tumor response and the time during which the concentration of paclitaxel in a
patient’s blood exceeds a threshold value (Gianni et al., 1995). The CALGB wished to confirm this
observation among the hundreds of women entering the new study, as well as look for relationships
between patient characteristics and the PK or PD of paclitaxel.

The study’s protocol compared doses of the drug infused over three hours. Patients typically
wait in the clinic for a few hours after the end of the infusion, just in case unexpected problems
develop. After this waiting period, the patients go home and do not have to return to the clinic,
in general, until their next course of chemotherapy four weeks later. Therefore, it would be very
inconvenient for the patient if the sampling schedule would require her to wait in the clinic longer
than usual or, worse still, return to the clinic the following day for, say, a blood sample drawn
twenty-four hours after the start of the three-hour infusion.

Optimal choice of sampling times is important when designing large population-based studies.
One usually wants to avoid excessively complex designs. For example, if many blood samples are
required from each treated patient when studying a particular drug, then the study will be costly,
inconvenient for the patient and trial participants, and more likely to result in some mistakes lead-
ing to a greater chance that some samples may drop, be lost, or not be stored properly prior to
shipment to the central laboratory. A goal, then, in the design of such population PK/PD studies,
is to estimate the model parameters as precisely as possible, while minimizing the cost inherent in
sampling patients. There are few papers in the literature addressing this design problem. Huizing
et al. (1995) use stepwise regression in an effort to determine optimal sampling times for cancer
patients treated with paclitaxel. Similar so-called limited sampling strategies based on choosing
sampling times in a stepwise fashion according to their correlation with the desired endpoint, such
as area under the concentration-time curve (AUC), are discussed in Ratain and Vogelzang (1987),
Ratain et al. (1988), and Egorin et al. (1988). Beatty and Piegorsch (1997) provide a general review
of optimal design in toxicokinetic studies.

In this paper, we consider simulation-based methods for Bayesian optimal design in the CALGB
study. The underlying probability model is a hierarchical nonlinear regression model, where the
regression mean function (or theoretical concentration-time curve) is given by a compartment model.
The mean function is not available in closed form, and must be obtained as the numerical solution
to a system of differential equations. The design problem is to choose the optimal sampling times
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d = (di,...,d,) for the next patient ¢ = N + 1, given observed data from previous patients ¢ =
1,...,N, and a specified set of covariates znyy1 for the new patient. The design criterion is to
minimize expected posterior variance for some PK quantities of interest, such as the area under
the concentration-time curve, or time above a critical threshold concentration, subject to a cost
constraint. The cost will represent the inconvenience for the patient if she has to stay longer than
usual or even return to the clinic after the drug infusion. Our goal, then, is to devise a limited
sampling schedule that will allow us to estimate the PK quantities as precisely as possible while
accounting for any potential inconvenience (cost) to the patient.

Simulation-based methods for Bayesian optimal design problems, including medical decision
problems, have been considered in several recent papers. Typical examples are Carlin et al. (1998),
who use forward simulation to make optimal decisions about continuation of a clinical trial with
interim analyses; Wakefield (1996), who derives optimal dosage in a population PK/PD problem;
Bois et al. (1999), who suggest a backward-forward approach for selecting sampling times; or Palmer
and Miiller (1998), who find optimal apheresis schedules. Other Bayesian approaches to optimal
design in PK/PD models have been proposed by D’Argenio (1990), who uses historical data to
improve designs for estimating parameters in a study of a drug’s pharmacokinetics; Atkinson et al.
(1993), who find optimal designs for estimating AUC, maximum concentration, and half-life of
a drug having a pharmcokinetic model; Merlé et al. (1994), who consider optimal design with a
discrete, nonparametric prior based on historical data; Merlé and Mentré (1995), who compare
several Bayesian optimal design criteria when designing PK/PD studies. Berry (1993), Berry and
Stangl (1996), and Spiegelhalter et al. (1994) discuss general issues of using Bayesian methods in
clinical trials. Chaloner and Verdinelli (1995) provide a general review of Bayesian experimental
design.

We propose two simulation-based methods for obtaining the Bayesian optimal design. We use
smoothing through Monte Carlo simulations to borrow strength across similar design choices; and
we use Markov chain Monte Carlo simulation from an artificially augmented auxiliary probability
model to focus simulation at interesting design choices. Related optimal design strategies based on
smoothing through Monte Carlo simulations are discussed and applied in Miiller and Parmigiani
(1995), Erkanli et al. (1998), and Sun et al. (1996), among others. Approaches based on simulation
in artificially augmented probability models similar to those proposed here are considered in Bielza
et al. (1999), Kuo et al. (1999), and Miiller (1999).

Section 2 describes a hierarchical model for the population and individual parameters. In Sec-
tion 3, we introduce the utility function and describe methods for maximizing expected utility. In
Section 4, we implement our model using data from a cohort of 10 patients who received paclitaxel as
part of an earlier Phase I study (Venook et al., 1998). We determine optimal sampling strategies for
future patients given the data collected on these patients. Finally, conclusions are given in Section 5.

2. The Probability Model

To describe the PK behavior of paclitaxel within patients in the population, we assume a three-stage
hierarchical model. At the first stage of the hierarchy, we model the concentration versus time curve
for each patient as a nonlinear regression. Let y;; denote the observed log-concentration for patient
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i,9=1,...,N, at time ¢;;, j = 1,...,n;. The model is:
vi; = [0, tiy,xi) + €5, eij ~ N(0,07), (1)

where f(-) is a nonlinear mean function arising from a compartment model, 6; is a p X 1 parameter
vector, and z; is the drug dosage. The observation errors ¢;; are assumed to be i.i.d. normal with
variance o2. Collectively, we define y; = {y;; Yty and f(6;) = {f(0: ti,z:)}j2, as the observation
and mean vector, respectively, for patient 4.

At the second level of the hierarchical model, we specify a population distribution for the indi-
vidual parameter vectors 6;, ¢ = 1,..., N. Let p and ¥ denote the population mean and variance-

covariance matrix, respectively. Conditional on (u, ), we assume:

i =1,..., N, independently. At the third level of the hierarchy, we specify prior distributions for

2

observation variance o¢ and the population parameters (u,Y). We assume a conjugate inverse-

gamma, prior for o2, and a conjugate normal-Wishart distribution for (u, ¥1):
02 NIG(a07b0)J N|E NN(m05c(;12)5 E_l NW(d05Aal) (3)

Here (ag, bo, mo, co, do, Ag) are hyperparameters selected by the user; ag and by are shape and scale
parameters for o2; my is the prior mean vector for y; cq is a scale factor; dy is the degrees of freedom;
and doA, 1'is the prior mean of the precision matrix ¥~!. Fig. 1. gives a graphical representation
of the full hierarchical model.

2.1. Posterior Simulation
To implement posterior inference, we use Markov chain Monte Carlo (MCMC) simulation to generate
samples from the posterior distribution of the model parameters. The sample is obtained by iterating
through a list of full conditional posterior distributions, generating a value for each parameter, and
using it to replace the current value of the respective parameter. Repeating such iterative sampling
from the full conditional posteriors, we eventually obtain an (approximate) Monte Carlo sample
from the joint posterior. Appropriate ergodic averages are used to evaluate any desired posterior
integral. See, for example, Gelfand and Smith (1990), Tierney (1994), or Gilks et al. (1995) for a
review of MCMC methods.

Let © = (61,...,0n) and Y = (y1,...,yn). We simulate from the joint posterior distribution
p(©,0%, 1,Y | Y), by iterating over the following list of full conditionals:

p(ilo* u,T,Y) o Nly;|f(6:),0°I] N(8i|p, %) (4)
o?10,u,%Y ~ IG(a,b) (5)
p|0,62,2Y ~ N(m,c'¥) (6)
¥ 10,6%Y ~ W(d,A™) (7)

Here, I denotes the n; xn; identity matrix. For the individual PK parameters in (4), direct simulation
of §; is impossible due to the nonlinear mean function f(6;) in N[y;|f(6;),0%I]. To sample from
this distribution, we consider two Metropolis algorithms (see Tierney, 1994): a single-state scheme
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Fig. 1. Graphical representation of the hierarchical model. Circles represent unknown random quantities;
squares denote fixed quantities.

where each element of #; is updated separately; and a block scheme where the whole vector §; is
updated at once. We also consider a Gaussian approximation to the full conditional, obtained by
combining the prior N(6;|u, %) with a normal likelihood approximation centered at the MLE, 6;,
and variance-covariance matrix given by the inverse of the observed Fisher information matrix. For
the application in Section 4, we use the Gaussian approximation, since the Metropolis schemes both
lead to unacceptably slow MCMC convergence.

The remaining parameters, (02, u, ), can all be drawn directly from their full conditionals,
which are available in closed form. The conditional posterior for o2 is an inverse gamma (5), with
parameters a = ag + Zfil n;/2 and b = by + Zf\il{yz — F(6:)Y {yi — £(6:)}/2. The population
parameters (u, X)) can be generated jointly from their full conditional distribution by first drawing %
from (7), and then p|¥ from (6). The parameters (c,m,d, A) are: ¢ = co + N, m = (como + N8)/c,
d=dy+ N,and A= Ag+ S+ coN(mg — 8)(mo — ) /¢, where § = SN 6;/N and S = "N (6; —
)(8; — 0)' /N are the sample mean and covariance of the 6;.

3. Design Methodology

The general decision theoretic setup for a Bayesian design problem is as follows (see DeGroot, 1970,
chapter 12). Let p(A|Y) denote the distribution of the model parameters 6 at the time of the
decision, given past data Y = (y1,...,yn), and let ps(y|f,Y) denote the sampling distribution of
the future observations y = yny1 under design d, given § and Y. To simplify notation, we stop
explicitly indicating conditioning on the historical data Y and write p(f) and p4(y|@) from now on.
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Let u(d, y, 0) denote the utility function. The utility function represents the reward we would obtain
under action d if the values for y and 6 were known. A rational decision maker chooses the design
d* which maximizes expected utility. Formally, the optimal design is d* = arg max U(d), where

U@ = [ [ udv.6) pawl6) o6) dy ds ®

is the expected utility of design d, with the expectation taken with respect to the joint distribution
of 8 and y, conditional on Y.

3.1. The Utility Function

The utility function is often expressed as payoff minus cost. In a clinical study, the payoff might be
represented by the gain in information about the target parameter resulting from the experiment,
while cost typically corresponds to the expense incurred by collecting the sample. In our application,
we represent payoff by the posterior precision for the next patient’s target parameter, ¢(f). The
sampling cost, C'(d, a, d), is given by a quadratic function which penalizes sampling times scheduled
after a given time & when the patient leaves the hospital. This formalizes our view that the incre-
mental cost of obtaining samples jumps at time ¢ and increases steeply after the patient leaves the
clinic, while samples taken before that point are essentially cost-free. Combining payoff and cost,
the utility function is

u(dy) = V{e®)|dy}" - a ) d; 1{d; >4} 9)
S—— — i—
utility posterior precision ~ -

sampling cost

where 0 = On41 and y = yn41 are the parameter and observation vector for the next patient,
respectively, and 1{d; > d} is an indicator for {d; > §}. We assume that the time ¢ is known, while
the quadratic coefficient « is treated as a tuning parameter that converts sampling cost onto the
precision scale.

Since the posterior p(8|d, y) is unavailable in closed form, the precision in (9) must be computed
numerically. We use an importance sampling approach (see Geweke, 1989) to evaluate V {¢(9) | d,y},
using the next patient’s prior p(f) as the importance density. The estimated posterior variance is:

M, s M,
PO dy} = 3 {o@)-d) w' [ 3w (10)

where {#'}/% ~ p(f) are samples from the next patient’s prior, {wi}r? = p(6i|d,y) /p(6") o
pa(y|?) are the importance weights, and ¢ = 3, ¢(0")w?/ 3, w' is an estimate for the posterior
mean, E{$(0) | d,y}. The prior samples 6 are obtained by generating §* ~ N (u?, £¢), where (u?, 3)
are taken from the MCMC output.

Given an observation y, the utility 4(d,y) can be obtained by subtracting the sampling cost
from the estimated posterior precision, 4(d,y) = 1/V{$(8) |d,y} — C(d,a, ). The expected utility
is then obtained by averaging the utilities with respect to the marginal distribution of y:

0@ = 373 ildy) (11)
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where {y’}i\iyl are samples from the next patient’s marginal distribution pg(y).

3.2. Maximizing Expected Utility

We rely on two general techniques to obtain the optimal design. For low-dimensional design spaces,
we use a grid-based scheme, where expected utility is computed on a specified grid of designs (see
Miiller and Parmigiani, 1995). For each design on the grid, we simulate future experiments and
calculate expected utilities as in (11). The optimal design is determined by selecting the point
with the largest U , or by fitting a smooth curve through the expected utilities and graphically
obtaining the maximum. Miiller and Parmigiani (1995) discuss various choices for parametric and
non-parametric smoothers, including nonlinear regression, kernel smoothing, and mixture of Dirichlet
processes. In our example, we rely on local-regression (LOESS) smoothers implemented with the S-
plus function GAM. The curve-fitting approach formalizes borrowing strength across similar design
choices and allows the evaluations of U to be based on fewer simulations.

As the dimension of the design space increases, grid-based schemes become computationally
infeasible. To increase computational efficiency, we use a Metropolis-Hastings algorithm proposed
by Bielza et al. (1999). The key idea is to introduce an artificial probability model, h(d,6,y)
u(d,0,y) pa(y|0) p(@), subject to the assumption that the utility function is non-negative and
h(d,8,y) is integrable. By construction of h(-), the marginal distribution h(d) = [ h(d,0,y) df dy
is proportional to U(d). Thus, simulation from the joint distribution h(d, €,y) produces designs in
proportion to the expected utility surface. This allows us to generate better designs more frequently.
Following Miiller (1999), the sampling algorithm proceeds as follows:

1. Choose an initial design d*.

2. Simulate (0%,y') ~ pa1(0,y) = p(0) par (y|), and evaluate u! = u(d*,yt).

3. Fori=1,..., My
(a) Generate a candidate design d from a proposal distribution g(d|d?).
(b) Simulate (8,7) ~ p;(0,y) = p(6) p;(y|0), and evaluate & = u(d, §).
(¢) Compute:

o mind 1 P:0.9) g(d|d) pas®y) | _ .|, @ g(d]d)
T h(di 00y g(d|d) py(8,9) T ut ) |

(d) Set:

(d* ity = (ci,' ﬂ)? with probability «;
’ (d*,u"), with probability 1 — a.

By construction of the Markov chain, the asymptotic distribution is h(d,8,y); i.e., sampling focuses
on designs with high expected utility. Fitting a smooth curve to simulated pairs (d, u), we find the
optimal design. Note that all simulated pairs (d,u) are used for this fit, including those candidates
d that were rejected in the Markov chain. A similar approach has been proposed by Lee (2000)
in the context of model selection. MCMC simulation is used to focus sampling on models with
high posterior probability, but final inference is based on appropriate averages over all considered
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models, including rejected candidates. In Step 3(a) of the algorithm, the proposal distribution g(-|-)
is selected by the user. This function determines how the proposed designs are generated from
the current design. If g(-|-) is symmetric, i.e. g(d?|d) = g(d|d’), then the acceptance probability in
Step 3(c) reduces to @ = min{1, @/u'}.

In many examples, the expected utility surface can be quite flat. This weakens the advantage
of the Metropolis-Hastings scheme described above for finding the optimal design. Miiller (1999)
proposed a simulated annealing-type modification of the above algorithm that defines hy(d)
{U(d)}’ as the marginal distribution instead of h(d) oc U(d). The power transformation leaves
the solution of the decision problem unchanged, but results in a more peaked criterion surface. To
sample from hj(d), we replace u in steps 1 and 2 of the algorithm by u; = szl u(d,y;), where
{(Hj,yj)}jzl ~ pq(8,y), are experiments simulated under design d. See Miiller (1999) for details.

4. The Application: CALGB Phase | Study

As part of the Phase I study, plasma samples were collected from 10 patients receiving three-hour
infusions of paclitaxel. All of the patients had some degree of liver dysfunction; thus, they were given
a relatively low hourly dosage of either 50, 75, or 100 mg/m?. Fig. 2 shows the observed log drug
concentrations in the plasma for three patients, along with fitted curves based on posterior means
from the analysis described in this section. The different curvature of each of the lines highlights
the nonlinear PK effects of the drug. Given the observed data, the design problem is to choose
the optimal sampling times for the next patient. To solve this problem, we use the expected utility
framework described in Section 3.

A A/
/4’1 o ‘\\ [ —— 50mg/m2
0 K A O - 75mg/m?
/ /A A - 100 mg/m?

Log Concentration (LM/L)

Drug
Infusion

Time (hours)

Fig. 2. Log-concentrations and fitted curves for selected patients receiving three-hour infusions of paclitaxel.
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4.1. A Three-Compartment Model

To capture the complex pharmacokinetics of paclitaxel, we rely on a three-compartment model
with nonlinear Michaelis-Menten kinetics. A diagram of the model is shown in Fig. 3. This model
was first proposed by Kearns et al. (1995) for ovarian cancer patients receiving three-hour paclitaxel
infusions at a higher dosage. Compartment 1 represents the plasma, in which the drug concentration
is measured. Compartments 2 and 3 have no exact anatomical interpretation.

infusion
Ka Vi K
3 1 2
Tk 13 Ko
ov,,
oK,

Fig. 3. Structure of the three-compartment model, used to describe the disposition of paclitaxel.

The model is defined by a system of ordinary differential equations (ODEs). Let X;(t) denote
the level of the drug in compartment j at time ¢, and R(¢,z) be the infusion rate at time ¢ and
dosage . The ODE system is given by

dXi(t) ViVin VooV
at {chm+X1(t) s ¥ VcoKm+X1(t)}X1(t) -
+ leXQ(t) + k’31X3(t) + R(t, :II)
dXo(t) VeV
i~ (v | O R
d)i;t(t) k13 X1 (t) — k31 X3(t) (12)

with initial conditions X;(0) = X2(0) = X3(0) = 0. In our example, the infusion rate is R(t,z) = =
for t < 3hours, and R(t,z) = 0 otherwise. The parameters of the model are: V., the apparent volume
of the central compartment; V,,, and oV,,,, the maximum velocity of distribution and elimination, re-
spectively; K, and oK,,, the concentrations associated with one half the maximum velocities of dis-
tribution and elimination, respectively; and k;;/, the rate constant of transit from compartment j to
j'. The parameter vector 8; = (log V,;,log Vi, 10g Kpni, log ko1 4, log k13, 10g k315,108 0V, 1l0g 0K )
collects all p = 8 log-PK parameters for patient i.
Given X1 (t), the theoretical drug concentration in the plasma, Cy (¢), is:

Gi(t) = Xu(t)/Ve. (13)
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Table 1. Prior and posterior means and 95% probability intervals for the
population parameters u. (Values are reported on the original scale.)

Population Prior Posterior
Parameter Mean 95% Interval Mean 95% Interval
Ve 400  (2.26, 7.08) 3.61  (1.98, 6.47)
Vin 10.20 (3.98, 26.1) 9.93 (9.08, 10.8)
Knm 032  (0.20, 0.52) 0.18 (0.0, 5.54)
ka1 0.68  (0.58, 0.79) 0.63  (0.13, 2.96)
k13 220 (1.55, 3.11) 210 (1.37, 3.34)
ka1 0.65  (0.55, 0.77) 0.64  (0.20, 1.89)
oVim 18.80  (5.80, 60.9) 18.65  (18.1, 19.2)
oK, 5.50 (2.77, 10.9) 5.77 (3.30, 10.3)

This defines the mean function in our nonlinear regression model (1). That is, given the parameters
0; and dosage z;, we set f(0;,t,x;) =log{C1(t)} for all sampling times ¢ = {#;;};,. Unfortunately,
the solution to (12) is not available in closed form, so the ODE system must be solved numerically.
This is done using the Numerical Recipes routine STIFBS (Press et al., 1992), which relies on a
modified Bulirsch-Stoer method for stiff systems. We use this computationally intensive numerical
solution only for posterior predictive simulation for a new patient i = N + 1. To evaluate the
likelihood function p(y;|0;,02) for i = 1,..., N, we rely on a multivariate normal approximation.
To complete the model specification, we select hyperparameters for the priors in (3). For the
observation variance o2, we set ag = 2.0 and by = 0.2. The prior mean for p is obtained from the
literature: we set mg equal to the log values reported in Kearns et al. (1995, p. 19). Following
Gelman et al. (1996), we assume that the components of u are a priori independent, and select a
coefficient of variation of .2 for all components of . We fix ¢ = 1 and dy = 10, which leads to a
prior covariance matrix of Ay = .04 diag (mZ,,...,m3g), where myy, is the k-th element of my.

4.2. Posterior Inference
We use the MCMC scheme described in Section 2.1 to simulate from the joint posterior distribution

2 are sampled directly from their

based on the N = 10 patients. The parameters y, ¥, and o
full conditionals. Updating the patient-specific PK parameters 6;, ¢ = 1,..., N, is more difficult
because of the computation-intensive evaluation of Cj(¢) which involves solving the ODE system
(12). To evaluate the likelihood function, p(y;|;,02), we use the normal approximation described
in Section 2.1. The MLE and information matrix for each patient were obtained using the ADAPT
IT software package of D’Argenio and Schumitzky (1997).

To obtain the results reported in this section, we discarded the first 1000 realizations of the
simulated chain and collected the next M = 10,000 simulated samples. Convergence diagnostics
proposed by Geweke (1991) indicate that the chain converged for all parameters. Table 1 shows the
prior and posterior means and 95% probability intervals for the population PK parameters y. The
prior values were obtained analytically, while the posterior values were obtained from the MCMC
output.

Table 1 shows only slight differences between the prior and posterior means. This is because the
individual MLEs, éi, are generally in close agreement with the prior mean mg. A notable change,
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however, occurs for the parameter K,,,. The increase in uncertainty about this parameter is due to
two patients with extremely high MLEs for K,,,. As part of the analysis, we also explored posterior
sensitivity to changes in Ag. We considered two alternative values: Ay = 7diag (m3;, ..., mdg), with
7 = .01 and .16. These changes slightly affected the widths of the posterior intervals for p, but did
not change the posterior means.

4.3. Choosing Sampling Times

Given the historical data Y, we seek to determine the optimal sampling times d = (dy,...,d,) for
the next patient ¢ = N + 1. We assume that the new patient receives a three-hour infusion at an
hourly rate of z = 50 mg/m?, and consider possible sampling times between 0 and 25 hours. To
simplify notation we will in the following write 8 for the patient-specific parameters @41 of the
new patient. We specify a utility function of the form (9), and assume that the patient leaves the
hospital at § = 7 hours from the start of the infusion. The target parameters ¢(d) are described
below.

1.5+
R 1.04
<
=
3
c
2
©
% 0.5+
g0 I ci)
o nitlin /\/
CVv
001 A e
. :
Tev
I T T I
0 5 10 15

Time (hours)

Fig. 4. Fitted concentration-time curve, Ci(t), and the two target parameters: ¢(8) = AUC, area under the
curve; and ¢(8) = Tcv, time above the critical value.

Fig. 4 shows a fitted concentration-time curve, C;(t), for one of the patients, along with our
two target parameters: area under the curve (AUC) and time above critical value (T¢y ). Following
Huizing et al. (1995) and Gianni et al. (1995), we consider two critical values in our analysis:
CV = 0.10 and 0.05 uM/L. Since Cy(t) can only be evaluated pointwise, we must compute ¢(6)
numerically. We obtain AUC by summing the area from 0 to 25 hours, computed using a trapezoidal
rule, and the area from 25 hours to infinity, computed by log-linear extrapolation of C4(24.9) and
C1(25). Tov is computed by interpolating the fitted log-concentrations.
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Table 2. Optimal designs and expected posterior precisions for « = 0 and all ¢(0).
(Designs are given in hours.)

Number of AUC T 10 Tos

Samples (n) d* U* d* U* d* U
0 0.23 0.03 0.01
1 (3) 0.53 (8) 0.08 (25) 0.05
2 (3,25)  0.90 (4,25)  0.15 (24,25)  0.07
3 (1,3,25)  0.99 (3,5,25) 0.21 (1,20,25)  0.09

Before choosing the optimal designs, we compute prior summaries of the next patient’s target
parameters. The summaries are based on a sample of size M, = 1000 from the next patient’s prior,
p(6), which is generated from the MCMC output. The first row of Table 2 shows the prior precision
of AUC, T'19 and Tos5. These values can be compared with the expected posterior precisions for
n =1,2,3 to assess the expected amount of information obtained from the experiment.

Next, we consider grid-based methods to find the optimal design for n = 1, 2 and 3 sampling
times. We consider each value of n separately, and report the optimal designs for all n and target
parameters. First, we consider the case n = 1. We use an equally-spaced grid, with possible
designs at 30 minutes, 60 minutes, ..., up to 25 hours. For each design d, we simulate M, = 100
observations, and reweight the M, = 1000 prior samples as in (10) to compute the posterior precision
of $(6). Repeating this procedure for M, future observations, we obtain an estimate for the expected
posterior precision (o = 0). The optimal designs d* and corresponding expected utilities U* = U (d*)
are reported in row two of Table 2.

For n = 2, we consider a design grid with points every hour from 1 to 25 hours, imposing the
constraint d; < dz. We use M, = 1000 prior samples and M, = 100 future observations, and repeat
the above procedure. The optimal designs are reported in row three of Table 2. Fig. 5(a) shows
the fitted expected precision surface (@ = 0) for AUC, with n = 2 sampling times. The surface
was obtained by smoothing the simulated expected utilities using the GAM function in Splus. A
similar procedure is repeated for n = 3 sampling times with an hourly-spaced grid, and we report
the results in row four of Table 2.

We implemented the Metropolis-Hastings algorithm described in Section 3.2, with a power
transformation hy(d) o< {U(d)}’ to obtain a more peaked criterion surface. After experimenting
with different values of the parameter J, we settled on J = 10. This value produced designs clustered
tightly enough to accurately estimate the optimal design for ¢(6) = AUC and n = 2. As proposal
distribution g(-|-), we used a bivariate spherical Gaussian density centered at the current design with
a standard deviation of 2 hours. Fig. 5(b) shows a scatterplot of the My = 1000 sampled designs
from this algorithm. Note how the majority of the designs cluster near the point d* = (3,25). This
confirms our grid-based result that the optimal two-point design includes one sample at the peak
and another at 25 hours.

We also ran the Metropolis-Hastings algorithm for ¢(f) = AUC and n = 3. We increase the
power parameter to J = 25 to provide a criterion surface that is sufficiently peaked. Again, we find
that the optimal design based on the My = 2500 sampled designs is similar to the optimal design
from the grid-based algorithm, with the first sample one hour after the start of infusion, the second
at the peak, and the third as late as possible. The method can be extended to n = 4 and higher.



Optimal Design in PK/PD Studies 13

0.9

Optimal Design:
(3hr, 25hr)

Expected Precision

Time 2 (hours)

0 5 10 15 20 25
Time 1 (hours)
(a) (b)

Fig. 5. Optimal designs for n = 2 sampling times with ¢() = AUC and o = 0. (a): Fitted expected precision
surface from a grid-based scheme. (b): Simulated designs from a Metropolis-Hastings scheme with J = 10.

We now incorporate sampling costs by allowing o > 0. Table 3 shows the optimal designs and
corresponding expected utilities for AUC with n = 1,2, 3 sampling times, and six different values of
the cost parameter . The values d* and U* reported in the table were obtained by subtracting off
the sampling cost from the fitted expected precision surface.

For one-point designs (n = 1), the optimal sampling time of d* = 3 hours remains unchanged
as we increase a, since no costs are incurred before the patient leaves the hospital. For two-point
designs (n = 2), a small change in the cost coefficient quickly drives the optimal second sampling
time from 25 to 7 hours. After reaching that point, the optimal design remains fixed with one sample
at the end of the infusion, and another before the patient leaves the hospital. It is interesting to
note that the two-point design has higher expected utility than the one-point design, regardless of
the cost coefficient. For three-point schemes, we see a similar pattern to that of n = 2, with the final
time quickly moving from 25 to 7 hours, while the earlier times remain unchanged. As with n = 2,
the optimal design always includes one sample at the peak, and another as late as possible, subject
to cost constraints.

5. Conclusions

We have explored Bayesian decision-theoretic solutions to the problem of choosing optimal sampling
times in PK studies. The proposed methods are simulation based and, therefore, allow a wide variety
of probability models and utility functions. We considered two methods for maximizing expected
utility: a grid-based algorithm, and a Metropolis scheme based on an augmented probability model.

The advantage of the grid-based scheme is that it provides an estimate of the entire expected
utility surface. Having the full surface allows the practitioner to assess the relative efficiency of
various suboptimal designs. This can be important in clinical trials when precisely-timed samples
are not always possible.

The advantage of the Metropolis algorithm is that it focuses sampling on designs with high
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Table 3. Optimal designs and expected utilities for different values of a:
¢(9) = AUC. (Designs are given in hours.)

Cost Coeff. n=1 n=2 n=3

a & U d* U* d* U
.00000 (3) 053 (3,25)  0.90 (1,3,25)  0.99
.00002 (3) 053 (3,20) 0.82 (1,3,21)  0.89
.00004 (3) 053 (3,10) 0.74 (1,3,14) 0.83
.00006 (3) 053 (3,7)  0.70 (1,3,9)  0.79
.00008 (3) 053 (3,7)  0.70 (1,3,7)  0.75
.00010 (3) 0.53 (3,7) 0.70 (1,3,7) 0.75

expected utility. A disadvantage of the method is that sampling costs cannot be ignored during
simulation, as was possible with the grid-based scheme. Neglecting costs would focus the sampling
on regions away from the optimal design. This forces us to choose the cost coefficient a before
implementing the simulation. A similar problem arises if the investigator wishes to learn about
multiple target parameters simultaneously. In this case, a grid-based method might be preferable to
Metropolis, as the optimal designs for one parameter may not coincide with those for another.

For this application, n = 3 is the highest dimension for which a grid-based method can be
implemented within reasonable computation time. For example, the results reported in Table 2 for
AUC and n = 3 required about 30 hours of CPU time on a 433 MHz DEC Personal Workstation,
using code written in C. More than three sampling times could be accommodated by using lower
dimensional parameterizations of (fixed) multiple sampling times: for example, first sampling time,
number of samples, and gap between sampling times on an equally spaced grid of times.
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